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Ultracold Scattering and Universal Correlations
Abstract Particle-dimer scattering below and above the three-body threshold is studied using Faddeev differ-
ential equations. Correllations between the observables are shown and some analogies between three-nucleon
and three-atom systems are dicussed.
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Ultracold scattering of different atoms and universal correlations have recently received considerable at-
tention, in both experiment and theory. A remarkable linear correlation between the triton binding energy
and the doublet nucleon - dueteron scattering length was first pointed out by Phillips [1], and is known as
Phillips line. A similar approximate linear correlation between the binding energy of the helium trimer and
the 4He-dimer scattering length can be observed in the three-atomic system [2]. The Phillips line has not been
explained for many years and only two decades later Efimov and Tkachenko [3] showed that the approxi-
mate linearity of the Phillips line is due to the fact that the interval covered by the calculations with various
NN-potentials is not wide enough. Roudnev and Cavagnero in [2] suggested a modified Phillips line with a
dimensionless variables
α = ℓsc
√
−2µεd/h¯ , ω = 1/
√
E3
εd
−1, (1)
where α is a dimensionless scattering length and ω is a dimensionless parameter characterizing the three-
body binding energy; εd and E3 define the energies of the two- and three-body bound states, respectively; µ is
the reduced mass of the particle-dimer system, and ℓsc is the particle-dimer scattering length. Their idea to use
such parametrization was based on the paper by Efimov and Tkachenko [3] who noted that for a weakly bound
three-body state the approximate correlation εd −E3 ≈ h¯2/(2µℓsc) should hold. The universal properties of
systems with a large scattering length can well be described by an effective field theory. As shown in [4], a
zero-range model formulated in field theoretical terms is able to simulate the scattering situation. Aplications
of the effective field theory to systems we deal with below could be found in recent review articles [5; 6].
Here we study this problem using the Faddeev formalism [7] in the hard core model [8]. In our approach,
in order to change the value of the scattering length, we modify the interatomic potential by multiplying the
original interatomic HFD-B potential from [9] by the strength factor λ : V (x) = λVHFD−B(x). This strategy is
extensively used in literature [10; 11; 12] because it allows one to deal with a wide range of scattering lengths.
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Fig. 1 The modified Phillips line plotted with the rescaled dimensionless parameters (1) for the HFD-B potential [9]. Solid line
and dashed line correspond to the binding energy of the helium trimer and the virtual state energy, respectively.
Following Refs.[11; 13], we use the Faddeev formalism [7]. After the partial-wave and angular analysis
the Faddeev differential equations read
[
− ∂
2
∂ x2 −
∂ 2
∂ y2 + l(l+1)
(
1
x2
+
1
y2
)
−E
]
Φl(x,y) =
{−V (x)Ψl(x,y), x > c
0, x < c . (2)
Here x and y stand for the standard Jacobi variables, c for the core range, and l for partial angular momentum.
V (x) is the He-He central potential acting outside the core domain. The partial wave function Ψl(x,y) is related
to the Faddeev components Φl(x,y) (see details in [8]).
The functions Φl(x,y) satisfy the boundary conditions
Φl(x,y) |x=0 = Φl(x,y) |y=0 = 0 , Ψl(c,y) = 0 . (3)
In addition, for the bound state problem, the partial wave Faddeev components Φl(x,y) should satisfy the
asymptotic boundary condition given by
Φl(x,y) = δl0ψd(x)exp(i
√
E3− εdy)
[
a0 +o
(
y−1/2
)]
+
exp(i
√
E3ρ)√ρ
[
Al(θ )+o
(
ρ−1/2
)]
, (4)
while for the problem of two-fragment scattering states, the asymptotic boundary condition for the function
Φl(x,y) reads
Φl(x,y; p) = δl0ψd(x)
{
sin(py)+ exp(ipy)
[
a0(p)+o
(
y−1/2
)]}
+
exp(i
√
Eρ)√ρ
[
Al(θ , p)+o
(
ρ−1/2
)]
.
(5)
Here ψd(x) denotes the dimer wave function, E stands for the scattering energy given by E = εd + p2 with
εd being the dimer energy, and p corresponds to the relative momentum conjugate to the variable y. The vari-
ables ρ =
√
x2 + y2 and θ = arctan y
x
are the hyperradius and hyperangle, respectively. One of the important
parameters, which determines the behavior of asymptotic boundary conditions (5), is the coefficient a0(p)
that is the elastic scattering amplitude. The functions Al(p,θ ) provide us, at E > 0, with the corresponding
partial-wave Faddeev breakup amplitudes. The scattering length ℓsc is given by
ℓsc =−
√
3
2
lim
p→ 0
a0(p)
p
. (6)
Now let us discuss the results obtained by the solution of the Faddeev integro-differential equations (2)-
(5). In Fig. 1 we plot the dependence of the dimensionless correlation α on ω computed for the HFD-B
potential where the scattering length varies from -7000 A˚ to 8500 A˚. Almost linear relation between the
3a) b)
Fig. 2 Root locus curves of the real and imaginary parts of the scattering matrix S0(z) in the case of helium trimer (a) and nnp
system (b). The solid lines correspond to ReS0(z) = 0 while the tiny dashed lines to ImS0(z) = 0. Curves 1 and 2 denote the
boundaries of the domains where the scattering matrix S0(z) and Faddeev components Φl(x,y;z) can be analytically continued
in z, respectively.
rescaled parameters α and ω is held for large values of ω , for which a weakly bound three-body state exists
(solid curve in Fig.1). The nonlinear regime is observed when the scaled scattering length α is small. This
nonlinearity originates from the presence of the near-threshold virtual states shown by the dashed curve line
in Fig.1. This virtual state violates the linear dependence α(ω) at the small scattering length. When the
scattering length is large and negative, the virtual state turns into a bound state. We studied this mechanism in
detail in [11]. In this limit of the large but negative scattering length the linear dependence is again restored.
We note that similar results for the weakly bound three-body state were obtained in Ref.[2] where in order
to demonstrate the universality of the linear dependence α(ω) the curve was plotted for different two-body
potentials.
Recently, Kievsky and Gattobigio [12] investigated the universal behavior in the elastic scattering below
the dimer breakup threshold calculating the 4He atom-dimer effective-range function. They showed, that the
same parametrization of the effective-range function also described the nucleon-deutron scattering below the
deutron breakup threshold.
The similarity of properties of the atomic helium trimer and nuclear nnp systems can also be seen in the
S-matrix formalism. Let us compare the results obtained by the S-matrix formalism for atomic helium trimer
and nuclear nnp system. To compute the s-state nnp and 4He3 resonances, we use the algorithm described
in Refs. [11; 14]. We note that the resonances lying on the two-body unphysical sheet are the poles of the
S-matrix. The unphysical sheet is connected with the physical one by crossing the spectral interval (εd , 0)
between the two-body (deuteron or dimer) energy z= εd and breakup threshold z= 0. Therefore, as it was
analytically proved in Ref. [15], these resonances are the roots of the S-matrix on the physical sheet. Using
this fact, we solve two–dimensional Faddeev integro–differential equations (2) with the boundary conditions
(3) and (5) at complex energies z and extract the truncated s-state scattering matrix
S0(z) = 1+2ia0(z) . (7)
We start our analysis by considering the 4He3 system in the only state with the angular momentum l =
0. As the interatomic He-He-interaction we employ the semiempirical potential HFD-B [9]. We assumed
h¯2/m = 12.12 KA˚2 where m stands for the mass of the 4He atom. Notice that for the HFD-B potential the
4He-dimer energy is -1.685 mK [13].
In this case, we study graph surfaces of the real and imaginary parts of the scattering matrix S0(z) in the
domain of its holomorphy (curve 1 on Fig.2, see for details [11]). The root lines of the functions ReS0(z) and
ImS0(z) presented in Fig. 2a in the dimensionless case were obtained for the grid parameters Nθ = Nρ = 600
and ρmax = 600 A˚. The resonances are associated with the intersection points of the curves ReS0(z) = 0 and
ImS0(z) = 0 .
Next we study the nnp system using the Malfliet–Tjon potential MT I–III [16] as NN-interaction. Contrary
to the previous case, this system is a fermionic one, nevertheless, it is described by the set of equations similar
to (2) - (5). The only difference is that for the doublet nd scattering the function Φl(x,y) is the two-component
vector. Therefore, we have to solve the system of two coupled integro-differential equations. The details of
calculation and the procedure how to compute the nnp system can be found in Refs. [7; 14].
4In this case, we have succeeded to find one root zres = EvT of the function S0(z) corresponding to the
known virtual state of the nnp system at the total spin S=1/2. For the grid described by Nθ = Nρ = 1400,
ρmax = 100 fm we have found zres =−2.699 MeV. We see that it is situated 0.475 MeV to the left from the
nd threshold εd =−2.224 MeV (in the MT I–III model [16]). Our result agrees well with the shift εd−zres =
0.48 MeV found from experimental data on nd scattering [17]. Moreover, this value is in good agreement
with the previous theoretical results known from the literature [18; 19; 20]: the value 0.48 MeV was obtained
in [18] as a pole of the T-matrix with a separable version of the MT potential; in [19] the authors studied an
effective-range function for the doublet nd scattering while in [20] the complex scaling method was used.
Concerning the structure of the S-matrix in the nnp system, we also studied the root locus lines of the
real and imaginary parts of the scattering matrix S0(z) obtained for the grid parameters Nθ = Nρ = 240 and
ρmax = 100 fm (see Fig.2b). Qualitatively, the structure of the S-matrix for two very different systems pre-
sented in Fig.2 a) and b) is very similar. This finding strongly supports the results by Kievsky and Gattobigio
[12], and also connects the universal behavior of atomic systems with the large two-body scattering length to
the known physics of the nuclear systems with the near-threshold virtual state.
We have investigated theoretically the particle-dimer scattering below and above the three-body threshold.
We considered two systems – atomic helium trimer and nuclear nnp systems – and showed that despite
the different nature of these systems they show universal correlation. This universality is captured by using
Faddeev differential equations and studying the S-matrix structure.
Acknowledgements The author is grateful to A.K.Motovilov and W.Sandhas for their interest in this work and constant support.
References
1. A.C. Phillips (1968) Consistency of the low-energy three-nucleon observables and the separable interaction model, Nucl.
Phys. A 107, 209–216.
2. V. Roudnev and M. Cavagnero (2012) Approaching Universality in Weakly Bound Three-Body Systems, Phys. Rev. Lett.
108, 110402.
3. V. Efimov and E.G. Tkachenko (1985) Explanation of the Phillips line in the three-nucleon problem, Phys. Lett. B 157, 108
– 114; V. Efimov and E.G. Tkachenko (1988) On the correlation between the triton binding energy and the neutron-deutron
doublet scattering length. Few-Body Systems 4, 71 – 88.
4. E. Braaten and H.W. Hammer (2006) Universality in few-body systems with large scattering length, Phys. Rept. 428, 259-
390.
5. L. Platter (2009) Low-Energy Universality in Atomic and Nuclear Physics, Few-Body Systems 46, 139-171.
6. H.W.Hammer and L. Platter (2010) Efimov States in Nuclear and Particle Physics, Ann. Rev. Nucl. Part. Sci. 60, 207236.
7. L.D. Faddeev and S.P. Merkuriev (1993) Quantum scattering theory for several particle systems. Kluwer Academic Pub-
lishers, 404 pp.
8. E.A. Kolganova, A.K. Motovilov, and S A. Sofianos (1998) Three-body configuration space calculations with hard-core
potentials. J. Phys. B 31, 1279–1302.
9. R.A. Aziz, F.R.W. McCourt, and C.C.K. Wong (1987) A new determination of the ground state interatomic potential for
He2. Mol. Phys. 61, 1487–1511.
10. B.D. Esry, C.D. Lin, and C.H. Greene (1996) Adiabatic hyperspherical study of the helium trimer, Phys. Rev. A 54, 394–401.
11. A.K. Motovilov and E.A. Kolganova (1999) Structure of T- and S- matrices in unphysical sheets and resonances in three-
body systems, Few-Body Syst. Suppl. 10, 75-84; E.A. Kolganova and A.K. Motovilov (1999) Mechanism of the emergence
of Efimov states in the He4 trimer, Phys. Atom. Nucl. 62, 1179–1192 [Yad. Fiz. 62, 1253-(1997)].
12. A. Kievsky and M. Gattobigio (2013) Universal nature and finite-range correlations in elastic atom-dimer scattering beow
the dimer breakup threshold. Phys. Rev. A 87, 052719.
13. E.A. Kolganova, A.K. Motovilov, and W. Sandhas (2009) Ultra cold Collisions in the system of three helium atoms, Phys.
Part. Nucl. 40, 206–235.
14. E.A. Kolganova and A.K. Motovilov (1997) Using Faddeev differential equations to calculate three-body resonances, Phys.
Atom. Nucl. 60, 177–185 [Yad. Fiz. 60, 235 (1997)].
15. A.K. Motovilov (1997) Representation for the three-body T-matrix, scattering matrices and resolvent in unphysical energy
sheets, Math. Nachr. 187, 147–210.
16. R.A. Malfliet and J.A. Tjon (1969) Solution of the Faddeev equations for the triton problem using local two-particle inter-
actions, Nucl. Phys. A 127, 161–168.
17. J.E. Purcell, J.H. Kelley, E. Kwan, C.G. Sheu, H.R. Weller (2010) Energy levels of light nuclei image, Nucl. Phys. A 848,
1–74.
18. Yu.V. Orlov, V.V. Turovtsev (1984) Integral equations for resonance and virtual states, Sov. Phys. JETP 59, 934–943.
19. Yu.V. Orlov, L.I. Nikitina (2006) Effective-range function for doublet nd scattering from an analysis of modern data, Phys.
At. Nucl. 69, 607–622 [Yad. Fiz. 69, 631 (2006)].
20. E.A. Kolganova, A.K. Motovilov and Y.K.Ho (2001) Complex Scaling of the Faddeev Operator, Nucl. Phys. A 684, 623-
625.
